Abstract. For ℓ ≥ 1 and k ≥ 2, we consider certain admissible sequences of k−1 lattice paths in a colored ℓ×ℓ square.
Introduction
For fixed integers ℓ ≥ 1 and k ≥ 2, we consider the admissible sequences of k − 1 lattice paths in a colored ℓ × ℓ square given in [1] . Each admissible sequence of paths can be associated with a partition λ of ℓ. In Section 2, we show that the number of self-conjugate admissible sequences of paths associated with λ is equal to the number of standard Young tableaux of shape λ, and thus can be calculated using the hook length formula. We extend this result to include the non-self-conjugate admissible sequences of paths and show that the number of all such admissible sequences of paths is equal to the sum of squares of the number of standard Young tableaux of partitions of ℓ with height less than or equal to k. Using the RSK correspondence in [3] , it is shown in ( [4] , Corollary 7.23.12) that the sum of squares of the number of standard Young tableaux of partitions of ℓ with height less than or equal to k is equal to the number of (k + 1)k · · · 21-avoiding permutations of {1, 2, . . . , ℓ}.
In Section 3, we apply our results to the representation theory of the affine Kac-Moody algebra sl(n). Let {α 0 , α 1 , . . . , α n−1 }, {h 0 , h 1 , . . . , h n−1 }, and {Λ 0 , Λ 1 , . . . , Λ n−1 } denote the simple roots, simple coroots, and fundamental weights respectively. Note that Λ j (h i ) = δ ij . For 1 ≤ ℓ ≤ n 2 , set γ ℓ = ℓα 0 + (ℓ − 1)α 1 + (ℓ − 2)α 2 + · · · + α ℓ−1 + α n−ℓ+1 + · · · + (ℓ − 2)α n−2 + (ℓ − 1)α n−1 and µ ℓ = kΛ 0 − γ ℓ . As shown in [1] , µ ℓ are maximal dominant
Lattice Paths
For fixed integers ℓ ≥ 1 and k ≥ 2, consider the ℓ × ℓ square containing ℓ 2 unit boxes in the fourth quadrant so that the top left corner of the square is at the origin. We assign color a + b to a box if its upper left corner has coordinates (a, b). This gives the following ℓ × ℓ colored square Y : For two lattice paths p, q on Y we say that p ≤ q if the boxes above q are also above p. Now, we (1) p 1 does not cross the diagonal y = x − ℓ and
Denote by T 
We denote the height of a standard Young tableau of shape λ by ht(λ).
Example 2.3. For the partition λ = (4, 2, 1) ⊢ 7, we have the Young diagram in Figure 3 (a). Using the hook length formula, and moving across the rows and then down in the diagram, we calculate that the number of standard Young 
Now, we define a map τ :
We draw the first ℓ moves of each path, p 1 , p 2 , . . . , p k−1 , on the ℓ × ℓ colored square Y , giving the portion of each path from (0, −ℓ) to the diagonal connecting (0, 0) to (ℓ, −ℓ), move by move. In the i th path p i , the j th move is up when j is in row 2 through row (i + 1) and the j th move is right otherwise. Once the first ℓ moves of every path are drawn, we complete each path by reflecting over the diagonal, obtaining a self-conjugate sequence of paths.
Although the image τ (X) is a self-conjugate sequence of k − 1 paths by definition, we still need to show that it is an admissible sequence of paths. Notice that for path p 1 in τ (X), the m th up move, move v, is represented in column m of row 2 of X. Thus, there are at least m entries in row 1 of X less than or equal to v, which correspond to m right moves prior to the m th up move in p 1 of τ (X). Hence, p 1 does not cross the diagonal y = x − ℓ. For 1 − ℓ ≤ j ≤ 0, we call the line y = −x + j connecting (0, j) and (ℓ + j, −ℓ) the j-diagonal passing through all j-colored boxes. Note that it takes ℓ + j moves to go from (0, −ℓ) to the j-diagonal. By definition, t j 0 is the number of right moves in the path p k−1 below the j-diagonal, which equals the number of entries in the first row of X that are less than or equal to ℓ + j. For 2 ≤ i ≤ k − 1, the number of up moves in the path p i below the j-diagonal is equal to the number of j-colored boxes below p i . Hence, by definition, t j i is the number of up moves below the j-diagonal that are in p i but not in p i−1 . Therefore, the number of up moves in p i (resp. p i−1 ) below the j diagonal is t
Since the paths are self-conjugate, using symmetry it follows that p i ≥ p i−1 . Hence
i equals the number of boxes in row i + 1 of X with entries less than or equal to ℓ + j. Since X is a standard tableau, we have t j i ≤ t j i−1 . There are at least t j 1 boxes in the second row of X and hence in the first row of X. So it follows that 2t
Hence using the symmetry of the paths we have t
) is the number of boxes in row i + 1 of X with entries less than or equal to ℓ + j (resp. ℓ + j + 1). So t j i ≤ t j+1 i for j < 0. Now using symmetry and reflecting on the diagonal y = −x, we have Proof. To prove the statement, it is sufficient to show that the map τ has an inverse. We define the map σ :
equals the number of up moves in the path p m but not in any path p i , 1 ≤ i < m. We draw the Young diagram X of shape λ. Now we fill in the boxes of X with numbers 1, 2, . . . , ℓ as follows. We traverse, in order, the first ℓ moves from (0, −ℓ) to the 0-diagonal in each path p 1 , p 2 , . . . , p k−1 . If the i th move is a right move for all paths, then we place the number i in the leftmost available box in the first row of X.
If the i
th move is an up move in any path, then choose m to be the smallest integer such that the up move occurs in the path p m . In such case, we place the number i in the leftmost available box of row m + 1 of X.
By construction, the entries in the rows of X increase from left to right. Notice that for 2 ≤ i ≤ k − 1, any up moves in the path p i that do not occur in p i−1 are represented in row i + 1 of X = σ(Z). So for
in Z is equal to the number of entries in row (i + 1) of X that are less than or equal to ℓ + j. To see that the entries in the columns increase from top to bottom, suppose for the sake of contradiction that for some row r (2 ≤ r ≤ k) the entry in column c, say a, is less than the entry in column c of row r − 1. Since the entries in X increase from left to right, the number of entries in row r less than or equal to a is c. Hence t a−ℓ r−1 = c. Since t a−ℓ r−2 is the number of entries in row r − 1 less than or equal to a and the entry in column c of row r − 1 is greater than a, we have . We fill in the integers 1 through 6 using the information collected in Figure 5 (b) and applying σ. For example, since move 1 for all paths is right, we place 1 in row 1 of X. Since move 6 has its first up move in p 3 , we place 6 in row 4. 
Proof. 
Since any partition λ ⊢ ℓ of height less than or equal to k is associated with an admissible sequence of k − 1 paths of type λ, we have |T
Example 2.8. In Figure 6 (a), we have In this section we use the result in Theorem 2.7 to prove Conjecture 4.13 in [1] , giving a formula for certain weight multiplicities of the affine Lie algebra g = sl(n) = sl(n) ⊗ C[t, t −1 ] ⊕ Cc ⊕ Cd, n ≥ 2, where sl(n) is the simple Lie algebra of n × n trace zero matrices, c is the canonical central element and
dt is a degree derivation. We recall some facts about this affine Lie algebra from [2] .
The generalized Cartan matrix associated with the affine Lie algebra g is the n × n matrix A = (a ij ) 0≤i,j≤n−1 where a ii = 2, a ij = −1 for |i − j| = 1, a 0,n−1 = a n−1,0 = −1, and a ij = 0 otherwise. Let Π = {α 0 , α 1 , . . . , α n−1 } and
. . , h n−1 } denote the simple roots and simple coroots respectively. We recall that α j (h i ) = a ij and δ = α 0 + α 1 + · · · + α n−1 is the null root. The Cartan subalgebra of g is h =span C {h 1 , h 2 , . . . , h n−1 , d}. The fundamental
is called the weight lattice (resp. coweight lattice).
The set P + = {Λ ∈ P | Λ(h i ) ≥ 0, ∀i} is called the set of dominant integral weights. For each Λ ∈ P + , there is an irreducible highest weight g-module V (Λ) with highest weight Λ.
If µ is a weight of V (Λ) and µ + δ is not a weight, then µ is called a maximal weight. We denote the set of all maximal weights of V (Λ) by max(Λ). Hence, max(Λ) ∩ P + is the set of all maximal dominant weights of V (Λ). [1] ). The following Theorem was proved in [1] .
Hence the following result is a consequence of Theorem 2.7 and Theorem 3.1.
We denote a permutation of {1, 2, . . . , ℓ} by a sequence w = w 1 w 2 . . . w ℓ if 1 → w 1 , 2 → w 2 , . . . , ℓ → w ℓ . If a decreasing subsequence of w has m terms, we say it is a decreasing subsequence of length m. A (k+1)k . . . 21-avoiding permutation is a permutation w with no decreasing subsequence of length k + 1. For example, w = 26873415 has longest decreasing subsequence of length 4 (namely, 8731 and 8741) and so w is a 54321-avoiding permutation. We have the following result as a consequence of ( [4] , Corollary 7.23.12) and Theorem 3.1 which proves Conjecture 4.13
in [1] . 1,1,1) . In Table 1 , we calculate f λ for each of these partitions using the hook length formula.
Thus, mult 4Λ0 (4Λ 0 − γ 5 ) = 1 2 + 4 2 + 5 2 + 6 2 + 5 2 + 4 2 = 119. 
